The basis elements spanning the Sato Grassmannian element corresponding to the KP τ -function that serves as generating function for rationally weighted Hurwitz numbers are shown to be Meijer G-functions. Using their Mellin-Barnes integral representation the τ -function, evaluated at the trace invariants of an externally coupled matrix, is expressed as a matrix integral. Using the Mellin-Barnes integral transform of an infinite product of Γ functions, a similar matrix integral representation is given for the KP τ -function that serves as generating function for quantum weighted Hurwitz numbers.
Hurwitz numbers: classical and weighted
The fact that KP and 2D-Toda τ -functions of hypergeometric type serve as generating functions for weighted Hurwitz numbers was shown in [2] [3] [4] [5] , generalizing the case of simple (single and double) Hurwitz numbers [8, 9] . Sections 1.1 and 1.2 below, and Section 2 give a brief review of this theory, together with two illustrative examples: rational and quantum weighted Hurwitz numbers. In Section 3, it is shown how evaluation of such τ -functions at the trace invariants of a finite matrix may be expressed either as a Wronskian determinant or as a matrix integral. The content of subsections 3.2-3.4 are largely drawn from [6, 7] , in which further details and proofs of the main results may be found.
Geometric meaning of classical Hurwitz numbers
The Hurwitz number H(µ (1) , . . . , µ (k) ) is the number of inequivalent branched Nsheeted covers Γ → P 1 of the Riemann sphere, with k branch points (Q 1 , . . . , Q k ), whose ramification profiles are given by k partitions (µ (1) , . . . , µ (k) ) of N, normalized by dividing by the order | aut(Γ)| of its automorphism group. The Euler characteristic χ and genus g of the covering curve is given by the Riemann-Hurwitz formula:
is the colength of the partition. The Frobenius-Schur formula gives H(µ (1) , . . . µ (k) ) in terms of S N characters:
is the product of the hook lengths of the partition
is the irreducible character of representation λ evaluated on the conjugacy class µ (j) , and
is the order of the stabilizer of any element of cyc(µ (j) ) (and m i (µ (j) ) = # parts of partition µ (j) equal to i)
Weighted Hurwitz numbers [2-5]
Define the weight generating function G(z), or its dual G(z), as an infinite (or finite) product or sum (formal or convergent).
The weight for a branched covering with ramification profiles (µ (1) , . . . , µ (k) ) is defined to be:
for n-sheeted branched coverings of the Riemann sphere having a pair of unweighted branch points (Q 0 , Q ∞ ), with ramification profiles of type (µ, ν), and k additional weighted branch points (Q 1 , . . . , Q k ) with ramification profiles (µ (1) , . . . , µ (k) ) are defined as:
where ′ denotes the sum over all partitions other than the cycle type of the identity element (1) n . If Q ∞ is not a branch point; i.e. ν = (1) n , we have a weighted single Hurwitz number
Two cases of particular interest are: rational weight generating functions:
.
(1.7)
and quantum weight generating function (quantum exponential):
for some parameter q, with |q| < 1. The corresponding rationally weighted (single) Hurwitz numbers are:
where the rational weight factor is:
The quantum weighted (single) Hurwitz numbers are
where the quantum weight factor is
2 Hypergeometric τ -functions as generating functions for weighted Hurwitz numbers [2] [3] [4] [5] To construct a KP τ -function of hypergeometric type that serves as generating function for weighted Hurwitz numbers for a given weight generating function G, choose a small parameter β and define coefficients r
We then have [3, 5] :
Theorem 2.1 (Hypergeometric Toda τ -functions associated to weight generating function G(z)). The double Schur function series
defines a 2D-Toda τ -function (at lattice value n = 0) .
We now use the Frobenius character formula
to change the basis of Schur functions to power sum symmetric functions
Theorem 2.2 (Hypergeometric Toda τ -functions as generating function for weighted double Hurwitz numbers [3, 5] ). The τ -function τ (G,β) (t, s) can equivalently be expressed as a double infinite series in the bases of power sum symmetric functions as follows
It is thus a generating function for the numbers H d G (µ, ν) of weighted n-fold branched coverings of the sphere, with a pair of specified branch points having ramification profiles (µ, ν) and genus given by the Riemann-Hurwitz formula
(2.8) Then the series
is a KP τ -function which is a generating function for weighted single numbers H d G (µ) for |µ|-fold branched coverings of the sphere, with a branch point having ramification profile (µ) at Q 0 and genus given by the Riemann-Hurwitz formula.
(2.9)
Wronskian and matrix integral representation of τ (G,β) ([X])
In [6, 7] new matrix integral representations were derived for the τ -functions that serve as generating functions for rationally and quantum weighted Hurwitz numbers.
The main result is that, using Laurent series and Mellin-Barnes integral representations of the adapted bases for the respective elements of the infinite Grassmannian corresponding to these cases, the τ -functions may be expressed as Wronskian determinants or as matrix integrals.
Adapted basis, recursion operators, quantum spectral curve
Henceforth, we always set:
is a KP τ -function of hypergeometric type. For k ∈ Z, define:
Then {φ k (1/z)} k∈N + is a basis for the element w (G,β) of the Sato Grassmannian that determines the KP τ -function τ (G,β) (t) [1] . where D := x d dx is the Euler operator.
Quantum and classical spectral curve
The classical spectral curve is y = G(βxy).
(3.6)
Rational weighting case
For
(3.8)
Mellin-Barnes integral repesentation:
Meijer G-functions [6, 7] It may be shown that φ (c,d,β) k has the Mellin-Barnes integral representation:
10)
The contour C k is chosen so that the poles at 1 − k, 2 − k, · · · are to the right and the poles at {−i − 1 βc j } j=1,···L, i∈N + to the left. (See Figure 1. ) 
Quantum case expressed as Mellin-Barnes integrals [7]
The following is an integral representation of φ
The contour C k is defined as starting at +∞ immediately above the real axis, proceeding to the left above the axis, winding around the poles at the integers s = −k, −k + 1. . . . in a conterclockwise sense and continuing below the axis back to +∞.
Determinantal representation of τ (G,β) (t)
If τ (G,β) (t) is evaluated at the trace invariants of diagonal X ∈ Mat n×n t = X , t i = 1 i trX i , X := diag(x 1 , . . . , x n ), (3.13) it is expressible as the ratio of n × n determinants
,
is the Vandermonde determinant.
Eulerian Wronskian representation
It follows from the recursion relations 
Then τ (G c,d ,β) X becomes a ratio of Wronskian determinants with eigenvalues ζ i ∈ C supported on the contour C n .
